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A, Convergence Proof for the Index-Three System (Theorem 2). 

As we did for the index-two system, we must prove there always exists a set of consistent 

initial values (c(tk..1), b(tk.1), e(tk.1)) for the linear, index-three DAE system (2.11)-(2.13) corre- 

sponding to any set of initial values (vk-1, wk.1, uk.1) satisfying (2.3),(2.4). From (2.13) it is clear 

we should choose b(tk,.l) E AK(A32(tk.l)). The consistency condition (2.3) implies we can write 

wA.-i = w(tk_.) + hk+lcl,k..l and vk._1 = v(tAk_1) + hk+1c2,A,.l for some bounded vectors clk-l 

and C2,kl1. Since we want our initial values to be consistent with the asymptotic error expansions 

(2.7),(2.8), we select for t = tk._1 and i = k - 1, 

b(t) = 0, pi = cii. (A.1) 

We must then choose c(tk-1) to satisfy the first derivative of the algebraic equation (2.13) in the 

linear, index-three system: (t = tk_.) 

A32(t)A21(t)c(t) =-(k + 1)A32(t)W(k+i)(t). (A.2) 

Since the range of A32(t), denoted R(A32(t)), equals R(A32(t)A21(t)) for all t E I, there is always 

a solution c(tk,_i) to (A.2). Next we must choose qki_ so that (2.7) is valid for n = k - 1 (here 

t = tj._. and i = k - 1): 

q,= -c(t) + c2,i. (A.3) 

In general, c(tk,_i) 0O kso %l_ will have order 0(1/h). The convergence analysis will require us to 

pick qki such that P11(tki)qk._. is bounded, where P11(t) is a projection, namely P11(t) = Ip - 

A13(t)r(t)A32(t)A21(t) and r(t) = (A32(t)A21(t)A13(t))-1. Therefore, if we require Pii(t1,_1)c(t1..1) 

= 0, so that Pii(tki)qk._. is bounded, then from (A.2) it follows that for t = tk.. 

c(t) =-(k +) A,3(t)r(t)A32(t)w(k+i)(t). (A.4) 

The consistent initial value for e(tki1) is completely determined from the equation obtained by 

differentiating (2.13) twice and substituting for c'(t) and b'(t): 

c(t) = -r(t) ((2A'32A21 + A32A'21 + A32(A21A11 + A22A21))c(t) 

+ (i . 1) (A32A21v(k+i)(t) + (2A32 + A32A22)W(k+1)(t) + A32w(k+2)(t))), (A.5) 

where all the Ai, matrices are evaluated at t = tk-,. 
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